Abstract-We present simple alternate derivations of the translation formula for spherical vector multipole fields and the recurrence relations satisfied by the translation coefficients of spherical scalar and vector multipole fields. The derivations use the well-known and widely used spherical tensor technique to conveniently couple and decouple quantities associated with spherical angular variables, and these coupling and decoupling of angular quantities substantially simplify the algebra involved. As a consequence, the derivations are quite concise, and the resulting expressions for the recurrence relations are more compact and general than the existing ones.
I. INTRODUCTION HE translation formulas
for spherical scalar and T vector multipole fields have been useful analytic tools in many areas of acoustic and electromagnetic research, such as the theoretical study of scattering from multiple spheres 181- [lo] and probe correction in the spherical near-field to far-field transformation [ l l ] , to name a few. In the 1960's, Stein [I] , Cruzan [2] , and Danos and Maximon 131 published translation formulas for spherical scalar and vector wave functions. Later, in the 1980's, Tsang and Kong [ 121 reported a sign error in Cruzan's translation formula [2] for vector wave function, and Wittmann [5] derived the translation formulas from an integral representation point of view. In the early 1990's, fast-scattering algorithms ([ 131, [ 141, and references therein) were proposed that use the translation formulas to reduce computational complexities of solving volume integral equations. These scattering algorithms have, in tum, brought about renewed interest in the translation formulas [6] , [7] and efficient ways to compute the translation coefficients of scalar [7] , [15] and vector [7] , [16] wave functions to reduce computation time in scattering calculations.
In the first part of this paper, we present an alternate derivation of the translation formula for spherical vector multipole fields using the well-known spherical tensor formalism [17]- [19] . There are several reasons to use the spherical tensor technique. On a practical level, it represents an elaborate mechanism to couple and decouple physical quantities associated with angular variables conveniently, and these coupling and decoupling of angular quantities often substantially simplify the algebra involved. In addition, differential operations in- [ 171-[ 191. Consequently, it is possible to derive the translation formula for spherical vector multipole fields using the most elementary results from the spherical tensor theory and recurrence relations of spherical Bessel and Hankel €unctions. The resulting expressions for the translation coefficients are equivalent to Stein's [I] .
In the second half of the paper, we apply the spherical tensor formalism to derive the recurrence relations satisfied by the translation coefficients of scalar and vector multipole fields. As alluded to earlier, the interest in the recurrence relations stems from the need to reduce computation time in scattering calculations. For the scalar case, we first derive a set of recurrence relations of the scalar multipole fields from a well-known expression for the longitudinal spherical vector multipole field, written in terms of spherical tensors. From these recurrence relations follow the desired recurrence relations of the coefficients of scalar multipole fields. For the vector case, we also derive a set of recurrence relations satisfied by the electric and magnetic multipole fields using the spherical tensor formalism. We then show that the desired recurrence relations of the translation coefficients also follow naturally from these recurrence relations of the multipole fields. For both the scalar and vector cases, the derivations are concise, and the resulting expressions for the recurrence relations are more compact and general than the existing ones [151 and [161. 
where the magnetic and electric vector multiDole fields we have and
#;?(?) in (3) is an irreducible spherical tensor of rank 1 and
Af,lm (7) (4) with M = m,'+p. We may then rewrite the first term in (10) as [, 91, (kr')iYE, , , , (i') ]
where -[19] , and the spherical basis vectors gP are related to the Cartesian unit vectors by eo = 6% and 6+1 = ~( 6~f i 6~) / 2 / 2 . 
and satisfy
We wish to express iT:g(3 in terms of the r" coordinate system under a translation f = r" + n'. 
then we may rewrite (14) as where we used the fact that 1' is restricted to I ' = L-1, L , L+ 1 due to the presence of the Clebsch-Gordan coefficient The translation theorem for @,lm (4
then follows from (8) and (9). It can be shown that the translation formulas (23) and (24) are equivalent to Stein's [l] , but they are derived more concisely.
DERIVATION OF RECURRENCE RELATIONS OF ai;,",, (g)
In this section, we derive a set of recu2ence relations satisfied by the translation coefficient a::,",, (R) of the scalar multipole field defined in (1). The computational cost of translating a scalar multipole field using (1) is relatively high for-the following reasons [15] . First, according to (l), aEi:, (R) needs to be evaluated for many sets of (l', m') for fixed ( I , m) . Second, for fixed (1, m) and (l', m'), the expression for ai;,",, contains a summation of the product of a spherical Bessel or Hankel function, a spherical harmonics and a Gaunts coefficient over a dummy index that runs from II ~ I'I to 1 + I ' in steps of two [4] . Furthermore, an evaluation of the Gaunt coefficient involves a multiplication of many factorials that depend on 1, l', m, and m'. Therefore, it is desirable to come up with recurrence relations to reduce the high computational cost.
The existence of such recurrence relations is perhaps not surprising, since the spherical Bessel (Hankel) function, the spherical harmonics and the Clebsch-Gordan coefficient in the Gaunt coefficient each satisfy its own recurrence relations. Therefore, one may attempt to derive the desired recurrence relations by substituting directly into the expression for a;; ,"m, (I?) the respective recurrence relations of the spherical Bessel (Hankel) function, spherical harmonics, and Clebsch-Gordan coefficient. However, this approach is quite tedious and perhaps not very illuminating. Instead, we use the spherical tensor approach for the reasons stated in Section I. We may apply 13, to the left-hand side of (1) using (28) and translate the resulting expression from the unprimed to the primed coordinate system. Similarly, we may apply 13; to the right-hand side of (1). By equating the coefficients of g l , ( k r ' ) x , , m, (+')? we then obtain the desired recurrence equations in a compact form (29) x C(Z', 1, 1' -I; WL', -/I, m' -p ) a z ; -l , m , -, with p = -1, 0, 1. Using the expressions given i n1 the Appendix for the Clebsch-Gordan coefficients in the equation above, we further obtain the following three explicit fourterm recurrence equations corresponding to p = 0, 1. -1, l m respectively.
We note that (30) and (31) (23) and (24) the recurrence relations for the scalar case (29). As in the scalar case, however, this may not be the best approach. Instead, we use the spherical tensor technique for the reasons identified in Section I.
Let us consider the quantity apAyz(?). Using (3), we may write it as we may express the first term in (33) in terms of electric and magnetic multipoles using (3) and (17)- (20) We may also express the second term in (33) in terms of magnetic multipoles using (3) and (28) By substituting (35) and (36) into (33), we obtain If we define Ck,>
Bk,> which are, respectively, the translation coefficients of %?l,,(,F') and f i~,~( F ) in view of (6) and (7), and substitute the expressions given in the Appendix for the Clebsch-Gordan coefficients in (38), we then obtain the following three explicit recurrence relations corresponding to p = 0, 1, -1: (37) where we used the symmetry property of the Clebsch-Gordan
Equation (37) may be viewed as recurrence relations of the magnetic multipole field. The corresponding recurrence relations for the electric multipole field can also be obtained from (37) using (8) and (9).
As in the scalar case, we may apply the translationally invariant 13, operator to both sides of (22) using (37), and translate the left-hand side of the resulting expression from the unprimed coordinate system to the primed one using (22).
By equating the coefficients of AyT:(?") and A:,lm(F'), we obtain the following compact expression for three six-term recurrence relations:
Di,%+ 1. where = -1, 0, 1. We note that Ai> and B>,> both satisfy the same recurrence relations which is a consequence We note that (39) and (40) agree with the two recurrence of (8) and (9).
relations given in 1161. Equation (41) is new, but could have been derived in 1161. As was in the scalar case, the derivation is concise and results in a compact and general expression (38) for the recurrence relations.
V. SUMMARY
We have presented alternate derivations of the translation formula for spherical vector multipole fields and the recurrence relations satisfied by the translation coefficients of spherical scalar and vector multipole fields. The derivations use the spherical tensor technique to simplify the algebra involved, and the resulting expressions for the recurrence relations are shown to be more compact and general than those presented in [15] and [16] . 
